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Abstract 



O ■ We investigate the category of finite-dimensional representations of twisted hyper loop algebras, i.e., 
the hyperalgebras associated to twisted loop algebras over finite-dimensional simple Lie algebras. The 
t^v main results are the classification of the irreducible modules, the definition of the universal highest- 
weight modules, called the Weyl modules, and, under a certain mild restriction on the characteristic 
of the ground field, a proof that the simple modules and the Weyl modules for the twisted hyper loop 
algebras are isomorphic to appropriate simple and Weyl modules for the non-twisted hyper loop algebras, 
respectively, via restriction of the action. 

H ' 

, Introduction 

2 ■ 

In the last years, there has been an intense study of the fmite-dimensional representation theory of 
algebras of the form (g ® A) G , where g is a finite-dimensional simple Lie algebra over the complex num- 



bers, A is an associative algebra and G is a group acting nontrivially on q®A (see 1141 181. 19L 1 1 1L I26L I27L 12' 



and references therein). These algebras can be regarded as generalizations of the (centerless) twisted 



■ affine Kac-Moody algebras, which are recovered in the particular case that A = C[t, t ] and G is gen 



erated by a Dynkin diagram automoiphism cr of g. On the other hand, it was initiated in |14] the study 
of finite-dimensional representations of hyper loop algebras in positive characteristic, which is morally 
equivalent to studying representations of the associate affine Kac-Moody group (see the introduction of 
psj ■ il4ll for more details). The goal of this paper is to establish the basic results about the finite-dimensional 
representations of twisted hyper loop algebras, such as the classification of the simple modules, the de- 
velopment of the underlying highest-weight theory, and the existence of universal highest-weight objects, 
called the Weyl modules. 

The hyperalgebras are constructed by considering an integral form of the corresponding universal en- 
veloping algebra and then tensoring this form over Z with an arbitrary field F, which we shall assume is 
algebraically closed. In the case of g, one considers Konstant's integral form of U(g) and the correspond- 
ing hyperalgebra is denoted by Uf(g). The affine analogues of Kostant's form were obtained by Garland 



1 1211 in the non-twisted case and by Mitzman [22] in the twisted case. The corresponding hyperalgebras 
are denoted by U$(g) and Uf(Q cr ), respectively. The details of the construction of these algebras are 
described in Section [T] Although this section is mostly dedicated to reviewing these constructions and 
fixing the basic notation of the paper, a few extra technical details required proof. Such details, which 
are proved in Section 11771 allow us to regard Uy(q°~) as a subalgebra of £%(§), a fact not as immediate as 
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in the characteristic zero setting - for instance, Mitzman's integral form is not a subalgebra of Garland's 
integral form for types A? and In fact, for type A^, we need to suppose that the characteristic 
of F is different from 2 because, otherwise, the hyperalgebra of the simple Lie algebra g := is not 
a subalgebra of Uw(Q cr ) (see Remark 1 1 .5b - Once the inclusion £/f(§°") Uf(§) is established, it is 
possible to consider evaluation maps Uf(g <r ) — > Uw(g), which are important for the development of the 
representation theory. 

Section |2] is dedicated to reviewing the relevant facts about the finite-dimensional representation 
theories of Uw(q) and U$(g). Our main results are in Sections |3] and |4] 

In Section, [3] we obtain the basic results of the theory mentioned at the end of the first paragraph of 
this introduction. We begin by developing the relevant weight theory, called ^-weight theory, which will 
lead to the notion of Drinfeld polynomials. Still in Section |3~T1 we obtain a set of relations satisfied by any 
highest-^- weight vector generating a finite-dimensional module (Proposition I3.2I ). Then, in Section [3721 
we prove that every simple module must be a highest-^-weight module with a particular kind of highest £- 
weight (Drinfeld polynomials), construct the evaluation modules, and compute the Drinfeld polynomials 
of the simple ones. This eventually leads to the classification of the finite-dimensional simple Uf(g cr )- 
modules (Theorem I3.5I ). Next, in Section 1331 we define the Weyl modules by generators and relations 
and prove that they are finite-dimensional (Theorem I3.81 l. It then follows from Proposition 13.21 that they 
are the universal finite-dimensional highest-f-weight modules. No further restriction on F are required 
in the development of this section. It is worth remarking that, once this results are established, one can 
pass to the case of non-algebraically closed ground fields by using the approach of Ill5ll . In fact, the same 
proofs can be used mutatis-mutandis and the same is true for the results of II 1611 . 

In the last section, we prove the positive characteristic analogue of a result of fl] stating that the 
simple modules and the Weyl modules for U^(q ct ) can be obtained by restriction of the action from ap- 
propriate simple and Weyl modules for Uf(g), respectively (Theorem 14 .11 1. However, we need to suppose 
that the characteristic of F is not equal to the order of the Dynkin diagram automorphism cr. Moreover, 
the proof of Theorem 14.11 in the case of Weyl modules is the only proof of the paper which could not 
be performed intrinsically in the context of hyperalgebras. Instead, we had to use the characteristic zero 
version of the result and apply the technique of reduction modulo p. In particular, this part of the proof 
depends on a conjecture on the independence of the dimension of the Weyl modules on the ground field 
(see Remark l4.11l for comments on the proof of this conjecture). 

Acknowledgments: The results of this paper were obtained during the Ph.D. studies of the first author 
under the supervision of the second author. We thank A. Engler and P. Brumatti for useful discussions 
and helpful references about Henselian discrete valuation rings. 



1. The algebras 

Throughout this work, C (respectively C x ) denotes the set of complex (respectively nonzero com- 
plex) numbers and Z (respectively Z+ and N) is the set of integers (respectively non-negative and positive 
integers). 

1.1. Simple Lie algebras and diagram automorphisms 

Let / be the set of vertices of a finite-type and connected Dynkin diagram and let g be the associated 
finite-dimensional simple Lie algebra over C. Fix a triangular decomposition q = n~ © t) ©n + and denote 
by R and R + the associated root system and set of positive roots. Let {or,- : i € 1} (resp. {tOj : i € I}) denote 
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the simple roots (resp. fundamental weights) and set Q = ®i e {Lau Q + = ®i £ [Z + ai,P = ffi,- e /Za>,-, and 
P + = ©ig/Z+ct),-. Let Q a (a e R) denote the associated root space and let 9 be the highest root of g. 

Fix a diagram automorphism cr of g and let m € (1,2,3) be its order. It induces a permutation of R 
given by 

cr Yj n i a i = E n i a o-(i) 
Vie I ) iel 

and a unique Lie algebra automoiphism of g defined by cr(xf) = for all i e I. For a e R + , set 

r„ = # {cr j {a) : j e Z} 

and notice that T a e {l,m}. Observe also that cr(g (} .) = g^-, for all a e R. If £ is a primitive m fft root of 
unity and g e = e g : ct(jc) = £ e x), then 

m — 1 

5 = aIld [06' 06'] £ 

e = 



where e + e' is the remainder of the division of e + e' by m (henceforth, we will abuse of notation and 
write e + e' instead of e + e'). In particular, g is a subalgebra of g and g e is a g -module for < e < m. 
It is well-known that g is simple and that g e is a simple g -module for all < e < m (cf. US Chap. 
VIII]). Moreover, gj = 0O g 2 if m - 3. 

If a is a subalgebra of g and < e < m, set a e = a n g e . Then, f) is a Cartan subalgebra of g and 
g = © fi © n Q . Let Iq be the set of vertices of the Dynkin diagram of g and Rq the root system 
determined by h . The simple roots and fundamental weights of g determined by the aforementioned 
triangular decomposition of g will be also denoted by a,- and ojj for i e Iq, as this should not cause 
confusion with those of g. The root and weight lattices will be denoted by <2o and Pq and the sets and 
Pq are defined in the usual way. Similarly, R^ will denote the corresponding set of positive roots. We let 
R s and Ri be the subsets of Rt corresponding to short and long roots, respectively. 

If V is a finite-dimensional representation of g or of g , let wt(V) be the set of weights of V. It is 
well-known that (g e )o = f) e and, if fi t 0, then (g^ is one-dimensional for all e. We record the following 
table with information about g e according to g and cr. 






m 


00 


wt( 01 )\{O} 


Dynkin diagram of g 


A 2 




2 




±R 


U \±2a : a e R s } 




o 

1 

• • • — o => o 

n-\ n 


A 2 n,n 


> 2 


2 


B„ 


±Ro 


U {±2a : a e R s ] 


— o — 

1 2 


A 2 „-i 


n>2 


2 


C n 




±R S 


— o — 

1 2 


■ ■ ■ — o <= o 

n-\ n 


D n+ i, 


n>3 


2 


B„ 




±R S 


— o — 

1 2 


■ ■ ■ — o => o 

n-\ n 


E 6 




2 


Fa 




±R S 


o — 

1 


o <= o — o 

2 3 4 


D 4 




3 


G 2 




±R S 


3 ^> O 

1 2 



7.2. Chevalley basis 

Fix a Chevalley basis C = {x*, hi : a € R + , i € 1} for g and, given a € 7? + , set h a = [x*, x~]. For the 
remainder of this subsection, assume that cr is nontrivial. We review a construction of a basis of (g^, 
where // e wt(g e ), in terms of this fixed Chevalley basis. It is well-known that if /j. + 0, then /u = a\^ Q for 
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some a e R and a\^ - /?|f, if and only if ft = cr ; (a) for some < j < m. Suppose first that g is not of 
type A2n- Then, given a e R + and < e < m, set 



(m-\ 

A crJ(a) and a a , e - 



5o,e^, otherwise, 



'm— 1 

X C je KHay if tr(ar) * a, 
(5o,6^o:, otherwise. 



Notice that 

1 m - 1 1 m - 1 

( L1 ) x t(a)e = r £ 4, e > fiu<a),6 = r%,e> A = jT E *£e' alld A « z f Z ^.e- 

1 ff e = 1 tt e = 

Now assume g is of type A^ In this case, for a € we have 

a = cr(a) o a\f, e2R s o a = {3 + cr(J3) for some {S€R + . 

Moreover, if fi is as above, then /?|f, e It is easily seen that, for such a, we have x% € gj and /i„ € g . 
Thus, we set 

x% e = 5i )e x* and ft ff , e = <5 , e /z ff . 

Otherwise, if a ^ o~(a), set 

± _ | x « + (-i) 6 ^)' lf 6 and h _ f*« + (- i y h <r(a), if ar|f, e tf,, 

Xa ' £ ~[y/2(4 + (-iyx^ (a) ), ifa|„ efi v , an a - £ ~\2{h a + {-\fK {a) ), ifa\t, eR s . 

Observe that relations (11.11 ) remain valid in this case and that, if a + cr{a) e R + , we have 

(1.2) = 4[<0'<J = for some 5 6 { ±1 J- 

It is now straightforward to check that 

(0 e )±/i = Cx£ e if or|(, = /i e wt(g e ) 

and that h e is spanned by the elements h aue with i e I. In order to fix a basis for these spaces, we proceed 
as follows. Let O be a complete set of representatives of the orbits of the cr-action on R + . Then, if 
/u e wt(g e ) n £+ \ {0}, set 

(1.3) x* >e = x* >e where a e O, a\ ho = fi. 

Notice also that there exists a unique injective map o : Iq — > I such that a (j) € O for all / e Iq and set 

\Kii),e, if is of type A 2n and or; e R s , 
otherwise. 




Then, 

CXO) - {x% £ ,hi,e :0<e<m,fie wt(g e ) n Q + Q \ {0}, i e 7 } \ {0) 

is a basis of g. For notational convenience, for g of type Ai n , we shall assume that O is chosen in such a 
way that s = 1 in (I1.2I ). In the case that g is of type D4 and ra = 3, it is convenient to choose O in a more 
specific way. Namely, let j e I be the unique vertex fixed by cr and choose / e I such that <x(i) ^ i. Then 
set 

0; = {a € 7? + : cr(a) = a} U {a,-, ay + a,-, ay + o~(a,) + cr (a,)}. 

The reason for such choices is Theorem 11.41 below. In particular, the brackets of elements of C^iO) are 
in the Z-span of C a (0). We shall need some of these brackets explicitly for later use and we record them 
in the next lemma. For notational convenience, we set jc* e - if g wt(g e ) and, if a € O is such that 
H = or|f, , we set/i^ = V e . 
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Lemma 1.1. Let < e, e' < m. Given /ueR^,v e wt(g e ) n g+ \{0} and rj e wt(g e ) n wt(g e ,) n 2+ \{0}, 
we have: 

(a) [/ip,o,^e] = ±v(h fl fl)x± e . 

2h v , e+e > , if 77 e /? v and g is of type Ai n , 
<5 ee ',i/?2 0' if ?? £ 2/? s and g is of type Ai n , 
h^ e+e >, otherwise. 



(b) [x^,x- £> ] 



±3x ± if v e /?. and a is of type Ain, 
(c) lfhy tl *0,then[/j V)1 ,;c±J = ^ ' s y >p □ 

l±2x* £+1 , otherwise. 

Remark 1.2. Observe that, unless g is of type A^, the set Cq(O) = {^* ,/i !: o : j« e ^o>' 6 ^o! i s a 
Chevalley basis of g (this does not depend on the more specific choice of O in the case m = 3). For g of 
type A2n, a Chevalley basis is obtained from C^{0) by replacing the element h^o, where j is the unique 
element of Io such that aj e R s , by the element h (j),e - 2/i/,o- 

1.3. Loop algebras 

Given a vector space o over C, consider its loop space a = a ® C[t, t ]. If a is a Lie algebra, then a 
is also a Lie algebra, called the loop algebra of a, where the bracket is given by [x®f,y®g] = [x,y] ®fg 
for x,y € a and f,g € C[t, t ]. Notice that a ® 1 is a subalgebra of a isomorphic to a and, if b is a 
subalgebra of o, then b = b ® C[t, r l ] is naturally a subalgebra of o. In particular, g = fT © r) © n + and fr, 
is an abelian subalgebra of g. The elements x* ® f and h, ® f with a e R + , i e I,r e Z, form a basis of g 



which we shall refer to as a Chevalley basis following |22|. 

The automorphism cr of g can be extended to an automoiphism cr of g by defining 

a{x ® t j ) = ^cr(^) ® ? 7 , 

for x e Q, j e Z. Notice that cr is also an automorphism of order m. Let g°" be the subalgebra of fixed 
points of cr, which can be described as 

m - 1 

r= ©§" where #T = g e ® f^Qf 1 ", T" 1 ]. 

e = 

The algebra g°~ is called the twisted loop algebra of g (associated to cr). Define the cr-invariant subspaces 
(ft*) " and ^ in the obvious manner. In particular, g^T = (ftj )°~ © f)f © (n+)°\ 

Given a basis of g of the form C^iO) as in Subsection 11.21 the associated elements of the form 
x fie ® ^/,e ® f ' with x ,u,£> ^ e C°"(0), r e Z, e =„, -r, form a basis of g°~ which we also refer Jto as a 



Chevalley basis following 1 22]. The next lemma is easily established (a proof can be found in [01; see 
also H). 

Lemma 1.3. Let a € 7?q . 

(a) Suppose g is not of type Ai n - If a € /?/, then the subspace spanned by {x* Q ® t mk ,h a fl ® f"^ : 
& e Z} is a subalgebra of g°" isomorphic to s^. Otherwise, if a € R s , the subspace spanned by 
{x% e ® r"^ -6 , e (8i f" iA: ~ e : keZ, < 6 < m) is a subalgebra of g°~ isomorphic to 5(2- 

(b) Suppose g is of type Ajn- If a € 7?/, then the subspace spanned by {x* e ® t mk ~ e ,h a _ e ® t mk ~ € : & e 
Z, < e < m} is a subalgebra of g°~ isomorphic to st- If a € then the subspace spanned by 
{x* e ® t 2k+£ , x^ +a .,, j ® ? 2i+1 , h a>e ® t 2k+£ : k € Z, 0<e<m-l}isa subalgebra of g°" isomorphic 

to 5I3 where t is the nontrivial diagram automorphism of 5I3. □ 
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1.4. Hyperalgebras 

For an associative algebra A over a field of characteristic zero, a e A, and i e Z + , we set - fy and 
(I) = We shall need the following two identities. Suppose that x\, . . . ,x r are commuting 

elements of A. Then, 



(1.4) 



\(«) 

r 



(n 1 ,...,rt r )EZ^ 

/?] +■■■+/! j=/J 



and 

lx\ + X2\ ™ /xiW %2 



(1-5) 



I ' 1 



m / i=\\Jl\ m -J 



Let t/(a) denote the universal enveloping algebra of a Lie algebra a. The PBW theorem implies that 
the multiplication establishes isomorphisms 

1/(0) a £/(fT) ® 17(5) ® £/(n + ) and [/(jf) = t/((n"D ® 17(5°} ® t/((n + D. 
Given a e consider the following power series with coefficients in U(t)): 

A a(") - 2j A a ,±X = exp - 2] « • 

r = V 5 =l s / 

We will also need to make use of elements Aq,,,-^ € U(tj), i e I, r,k e Z, r ± 0, k > 0, defined as follows. 
Consider the endomorphism t* of t/ (§) induced by 1 1-> and set 

- 2 . 

s > 5 / 

We now define the twisted analogues of the above elements. If either g is not of type A2„ and /u € 7?^, 
or g is of type A 2,, and /u e R^, set 

GO = E A£ ± y = exp - J] X u e , 

and, if q is not of type Ai_ n and fi e 7?/, we set 

( 00 h u0 ®t ±mk , 

f = V = 1 k 

We may write A; >r in place of A aur and similarly for AJ r One can easily check the following relation 
among twisted and non-twisted versions of the above elements. Given fx e Rq, let a 6 such that 
a|f, = Then: 

fn?-"n A*,, d£ m ~ J u), if T ff = m, 



(1.6) A^fci) 



I A* (it), if T a = 1. 



Given an order on the Chevalley basis of §°" and a PBW monomial with respect to this order, we 
construct an ordered monomial in the elements of the set 

AT = {(x%_ r ® W , A**, ( ^ ) : // e wt( fl _ r ) n fij \ {0}, i e 7 , r e Z, * e Z + ) \ {0}, 
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using the correspondence 0*_ r ® f) k <-> 0c£_ r ® f r ) w , /i* <-» ( ) and (hi _ r ® <-> (A?" r )* for r#0. 
Using the obvious similar coiTespondence we consider monomials in U(q) formed by elements of 

At = {(xf t ) {k) , ( b -):aeR + ,ieI,keZ + ) 

and in U(q) formed by elements of 

At = {(4 <g> f) a \ Af k ,( h -):aeR + ,ieI,keZ + ,re 



Notice that At can be naturally regarded as a subset of At. The set of ordered monomials thus obtained 
are clearly basis of t/(g°"), t/(g), and U(q), respectively. 

Let Uz(q) c t/(g), t/z(g) £ ?7(0), and f7z(g°~) £ {7(g°~) be the Z-subalgebras generated respectively 
by {(xfj k) : a e R + ,k e Z + }, {(jc* ® : a e R + ,r e Z,k e Z + |, and K*£- r ® : e 
wt(g_ r ) n Q q \ {0}, reZ,ieZ + ). The following crucial theorem was proved in 112 ill , in the U(g) case, 

HE 1 



and in |12j,|2J] for the [/(§) and L^g ") cases (see also [28]). 



Theorem 1.4. The subalgebras C/g(g°"), Uz(q), and £/g(g) are free Z-modules and the sets of ordered 
monomials constructed from At , At, and At are Z-basis of Uz(Q°~), Uz(q), and Uz(q), respectively. □ 

In particular, it follows that the natural map C ®z Uz(Q°~) — > f/(0°") is an isomorphism, i.e., Uz(Q <T ) 
is a an integral form of U(Q cr ), and similarly for Uz(q) and f7z(g). If a is a subalgebra of g preserved by 
cr, set 

and similarly define Uz(a) and f7z(a) for any a subalgebra of g. Then, 

ae{fl ,n£Mr.(ft ± )^n ± ,J).a ± .5} => C«zl/ z (o) A U(o). 

In fact, f/z(a) is a free Z-module spanned by monomials formed by elements of AC (or of At) belonging 
to 17(a). 

Remark 1.5. Notice that Uz(s) = U(q) n f7z(g), i.e., Kostant's integral form of g coincides with its 
intersection with Garland's integral form of U(q) which allows us to regard Uz(q) as a Z-subalgebra of 
Uzid)- If g is not of type A^, then Uz(Qo) coincides with Kostant's integral form of g as well. However, 
if g is of type A m this is not true for the reason described in Remark [L2l 

Given a field F, define the F-hyperalgebra of a by 

U ¥ (a) = ¥ ®z Uz(a) 

where a is any of the subspaces considered above. We will refer to U ¥ (q°~) as the twisted hyper loop 
algebra of g associated to cr over F. Clearly, if the characteristic of F is zero, the algebra L^g ") is 
naturally isomorphic to U(gZ) where g^ = F ®z §J an ^ 8z * s tne ^~ s pan of the Chevalley basis of g°~, 
and similarly for all algebras a we have considered. For fields of positive characteristic we just have an 
algebra homomorphism U(a ¥ ) — * U ¥ (a) which is neither injective nor surjective. We will keep denoting 
by x the image of an element x e Uz(a) in U ¥ (a). Notice that we have 

U V (S) = U ¥ (n~)U ¥ {t>)U ¥ {n + ) and Uvff) = tf F ((n~ W F (fj <r )tfF((n"T). 

Remark 1.6. If g is of type A2„ and the characteristic of F is 2, then U ¥ (q q ) is not isomorphic to what 
is usually called the hyperalgebra of g over F (which is constructed using Kostant's integral form of 
U(q )). Indeed, if i € Iq is the unique element such that a,- e R s , then [x + . , x~ „] = h (j) t€ = 2/i,- o = in 
^f(0o)> but this is not zero in the usual hyperalgebra of g over F. On the other hand, if the characteristic 
of F is not 2, then U ¥ (q q ) is isomorphic to the usual hyperalgebra of g over F (details can be found in 
10]). For this reason, we shall not work with fields of characteristic 2 when g is of type Am. 
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Remark 1.7. It was proved in [12] that the elements A,^ are part of a Z-basis of the free Z-module 
Uz(t))- In particular, their images in Ur(g) are nonzero. 



1.5. Hopf algebra structure 

We denote by A, S , e the usual comultiplication, antipode, and counit of U (a) and let U denote 
the augmentation ideal, i.e., the kernel of e. Set also Uz(a)° = Uz(a) n U(a)°. 

Notice that the Hopf algebra structure on U(g) induces a Hopf algebra structure over Z on t/z(a) for 
a e {g, n*, h, g, fv*, f), g a , (n ± ) CT , 5°"}. This in turn induces a Hopf algebra structure on U$(a). Notice also 
that, if x e a is such that x (k) € Uz(a) for all k > 0, then 

(1.7) A(* w )= 2 jc (/) ®jc (M:) . 

1 = 

Also, for all & > and p. e Ri , we have 

(1.8) A(A* fe ( M )) = A^(«) ® A^a) and A(A£'») - A£» ® A^(u). 
Notice that (11.81 ) is equivalent to 

r r 

HK,±rjd = 2 Aa i± ,^ ® A ffj±(r _ 1 . );A . and A(A£ ±r ) = ^ A£ ±J ® A£ ±(/ ._ v) 

s=0 .v=0 

for all r > 0. 



Some auxiliary identities 

The next two lemmas are crucial in the proof of Theorem II .4 l and will also be crucial in the study of 
finite-dimensional representations of hyper loop algebras. Lemma [TTBI was originally proved in the U(g) 
setting in B12L Lemma 7.5] (our statement follows that of 111 4, Lemma 1.3]). Given a e R + and s e Z, 
consider the following power series with coefficients in U(n~): 



X a ,s,±(")= E (x-®t ±{r+s) ) 



II 



r = 1 

Lemma 1.8. Let a e R + , k, I e N. Then, 

(x + a ® ?>}\x- ® t ±(s+l) ) (k) = (-1)' ((X~. s , ± (u)f- l) A±(u)) k mod U(~g)zU(n + )° z , 

where the subindex k means the coefficient of u k of the above power series. □ 

The next lemma establishes the "twisted version" of Lemma [L8l If either g is not of type Ain and 
p e R s , or g is of type A2 n and p e R+, define 



oo m — 1 

E E 

= 1 e = 

for all s e Z. For g not of type and p € set 

oo 

= 1 

for all jeZ. 
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Lemma 1.9. Let I, k, s € Z and < I < k. 



(a) If either g is not of type A2„ and n e R s , or if g is of type A2„ and € /?/, we have 

(*;,« ® ' T o®owi) ® ? ±( ' s+1) ) w - (-D z ((^ ; ,, ± (")) ( "" /) (")A^ ± (")), mod uzisnum+Yf. 

(b) If g is not of type A2,, and € R/, we have 

(<o ® ^ ) )®(^,o ® ^ ±m( ' v+1) ) W - (-1)' ((^^("J^A^W^ mod t/ z (r)%((n + )-)°. 

(c) If g is of type A2/1 and e we have 

(i) ® t ±s r k - u \x 2 ^ ® ^(2-D)W = - ({X^ fl ± {u))^K^\u)) k mod £W)^((n + D° 
for a = 0, 1. 

(ii) ® l^O^.i ® (fe+r) - ® (r) A£ t + Z*:} X/A^_ . mod C/ Z (g^)t/ Z ((n + )^) 
where r e Z + and Xy is a certain Z-linear combination of elements of the form 

(x-j ® (,1) • • • 0~* ® t k ) iSk) (x~^ ® t)W • • • {x~^ ® 

with Yjm s >n + 2 Yju s n = 2r and X m m^, + E« = r + J- 
(hi) (4^ ® r( 2 ' 5+1 »)«(^ a ® ^(2, +3))W = ( _ 1}J ((^^(a^-OA^f (a)^ 

mod t/ z (0 £r )^((n + ) tr )°, where 

^u»= I^,i®' ±(K * + * )+ V and A^( M ),expf-g^^/). 

fc= 1 V/t=l /c / 

(iv) (4^ 1 ®* i - 2 o (r * ) (x- 1 ®^ (2r * +r) - ifclb^j-^-W^r-rj+x mod uz(snu z w + r)°, 

where X is a sum of elements belonging to {Y\(x~ - a - ® ?c, ') (r,) )(n(^_ fo ® ^0^)^(5°") wrtn 
a;, Z?y € Z and r,, sj € Z + satisfying < r,, ^ < 

Proof. Items (a) and (b) are direct consequences of Lemmas 11.81 and fOl All parts of (c) are particular 
consequences of 11221. Lemma 4.4.1 (ii)] . □ 



A proof of the following identity can be found in [131 Lemma 26.2]. 
minjk, 1) 

(1.9) (x + J l \x~J k) = J] (x-J k - m) (^ +2m )(xtf- m) for all k, I > 0, a e R + . 

m = 

Lemmas ll.8l and [L9l c an be regarded as "loop" versions of dl.91 . It immediately follows that 

minjk, 1) 

(<o)®(^,o) W = I (^o) ( "" m) ( rvo 1,7' +2 " ! )(<o) (/ "" !) for all k,l>0,aeR+. 

m = 

The next identity is easily deduced from Lemma fTTTTtal ). 

(1.10) ( h f ){x%_ r ® f) ik) = (x%_ r ® f) {k) ( h ^f h ',o) ) for all k,l > 0,r e Z,i e /,,, x±_ r e C a {0). 

Given xjj _ r e C°"(0) and k > 0, define the degree of (xt _ r ® f)^ to be fc. For a monomial of the form 

{x* { _ n ® f 1 )^ • ■ ■ i x% r, ® f') {kl) (choice of + fixed) define its degree to be k\ H + £/. The following 

result was proved in H22L Lemma 4.2. 13]. 
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Lemma 1.10. Let r,s eZ,pe wt(g_ r ), v e wt(g_ s ), and it, / e Z+. Then (x± _ r ® f r ) () (**_,, ® f 5 ) is in 
the Z-span of (x*_ 4 ® f s )®(x*_ r ® f r )® together with monomials of degree strictly smaller than k + /. □ 

The next identity is trivially established. 

(1.11) 0±_ r ® ® O (0 = ( k f )(■<_,. ® t r f +1) for all r e Z, x±_ r € CT(O). 

Notice that, if F has characteristic > 0, (11.111 ) implies that ((x± _ r ® = in Uy(q°~). 

In the case of g is of type A^n, we will also need the following identity on Heisenberg algebras whose 
checking is straightforward. Let S) be the 3 -dimensional Heisenberg algebra f) generated by elements 
x,y,z such that [x, y] = z and z being central. Then, the following identity holds in U(S$): 

(1.12) (x + y) w = £ (~z/2f^ f ^y^. 

o<t< n r = o 



7. 7. Discrete valuation rings and evaluation maps 



Following 111 411 . given an algebraically closed field F, let A be a Henselian discrete valuation ring 



of characteristic zero having F as its residue field (cf. 10, Theorem 12.4.1, Example 18.3.4(3)]). Set 
Ua(o) = A ®z Uz(a) whenever Uz(a) has been defined. Clearly 

C/ P (a) = F® A tf A (a). 

Lemma 1.11. Let A and F be as above. 



(a) If either m + 3 or the characteristic of F is not 3, then (e A. 

(b) If m = 3 and the characteristic of F is 3, then A[£] is also a discrete valuation ring with the same 
residue field F. 

(c) If the characteristic of F is not 2, then V2~ e A. 



Proof. If m t 3 then £ = - 1 and part (a) follows immediately. If the characteristic of F is not 3 and 
m = 3, then the 3-cyclotomic polynomial <l>3(x) = x 2 + x + 1 € A[x] has a root in A since its reduction 
to F splits (F is algebraically closed) and the conclusion of part (a) follows from Hensel's property of A 
(cf. 0, Theorem 18.1.2]). Similarly, if the characteristic of F is not 2, then <p(x) = x 2 - 2 e A[x] splits 
in F and we conclude that V2 € A by using Hensel's property once more. Finally, for proving (b), note 
that cp(x) := <l>3(x + 1) = x 2 + 3x + 3 is an Eisenstein polynomial relative to the maximal ideal of A (since 
3 belongs to this ideal). Hence, by considering the isomorphism p : A[x] — > A[x] defined by x i-> x + 1 



we have A[£] = = ^ and the claim follows from Q30|, Ch. 1, Prop. 17]. □ 



By the statements of parts (a) and (b) of the Lemma [1 .1 II we can and do assume that (e A. 

Remark 1.12. By working with A instead of Z (and assuming that ( e A) we make viable several 
constructions such as the evaluation maps which will be presented next. Also, the extra care in the 
choice of O for the case m = 3 which we made in the Subsection [L2]becomes unnecessary, i.e., Theorem 
ll.4l remains valid replacing Z by A without the special choice of O. 

Proposition 1.13. U&Jffi) is an A-subalgebra of Ua(3) and the inclusion U&(q°~) e -» Ua(q) induces an 
inclusion of F-algebras U^iQ 17 ) Uw(§). 
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Proof. Given k € Z and /i € wt(ftt), let or e 6> be such that a\t, = fi so that x± fc ®f~* = E^f ^^(a)®'"* 
Assume first that a + a~(a) £ 7?. Then, since {x ± „ .: j = 0, . . . ,m - 1} is a commuting set of elements of 

0, it follows from (fTT4T > (using that £ € A) that (x* k ® r*) " € Ua(q)- 

If a +o-(a) e R, then g is of type A2 n and, by our assumptions, F has characteristic different than 2. In 
particular, 2, V2 € A x . Moreover, ar|^ e and ® t~ k = V5(x± ® r* + (~l)*J^ a ) ® e Ua(q)- 
Furthermore, the subalgebra of n* generated by x* and is a Heisenberg subalgebra with central 

element x^ +a _^ a y Then, it follows from (11.121 ) that {x k k ® t~ k ^ ) is in the A-span of elements of the form 



(x ± 8 r *)(«i)(^ ® r*) ( " 2 >(*± ® r 2 *)^ with ni + n 2 + 2« 3 - ». 



with coefficients in A x . In particular, ® ^ e Ua(q)- This completes the proof of the first 
statement. 



For proving the second statement, it suffices to prove that every A-basis element of UaCsT) is written 
as an A-linear combination of basis elements of £/&(§) an d at least one of the coordinates lie in A x . We 
already observed above that this is true for the elements (x* k ® t~ k ^j . From here it is easy to deduce 
that the same property holds for the basis elements of UA((n ± )°~) of the form fj A x± v ® t i)^' with 
juj e wt(g yt ) n 2q an d A*; ^ /•'i f° r all i ^ 7- I n f act , as in the previous paragraph, each factor of this 
product can be written as a linear combination of some elements in Ua(q) with coefficients in A x . By 
taking in each of these linear combinations a term with the highest exponent (for instance, in a sum 

^ a,-(x| ( ® t~ ki ) {ni \x% m ® t~ ki ) (n ~ ni) where a { e A x and < n t < n, 

i 

take (Xp ® r*') with = n, or Otwg.) ® r*') with - «), we conclude that the product of these 
collected terms has coefficient in A x and it appears only once in the expansion of the product Yl /C** t . ® 
r k if"j\ If this term is in the PBW-order of the Chevalley basis of q, we are done. Otherwise, we use 
Lemma fl.lOl to produce the term in the correct order and notice that this term has the same coefficient as 
before. 

It remains to consider the basis elements of L^f) ")- For the elements of the form ( /! *' ) for i e Io 
and ieZ + , recall that 

j = 



Using (11.51 ) we see that ( ) is in the span of elements of the form 

r r 

n( t <0) ) with z*y=*- 



r r 

'mo i u \ a 

n t <0) with 5 

Furthermore, the coefficient of the term ( h ° k m j is 1. Next, notice that, if o(i) is not fixed by cr, then 



w - 1 

Kfw = n K J(ao jr- j uy 

j = o 

Given r > 0, it follows that AJ ±) . is in the A-span of elements of the form 

m m 

FI A <ri M ±rj with E r 7 = r - 

7=1 7=1 
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Moreover, the coefficient of the term K a ±r is E ±mr e A x . Finally, if o{i) is fixed by cr, then 

A£» = Al {j . m (u). 

In particular, A°" = A„(,) r;m is an element of an A-basis of Ua(^) by Remark 1X771 The case of products 
of such elements is easily deduced from here. □ 



Recall from 111 4, Proposition 3.3] that there exists a natural surjective map of A-algebras ev : 
Ua(8) Ua(q) ®a A[f, t~ l ] induced by the identity map — > 0. Denote by ev°" the composition of 
ev with the inclusion given by the above proposition. This induces an F-algebra map 

ev°" : Uf(g cr ) — > £/f(0) ® F[?, f 1 ]- 

In particular, given a e F x , we have an F-algebra map 

e< : U V (SD -» U ¥ (q) 

given by the composition of ev°" with the evaluation map Uf(g)®F[t, f ] — > Uf(g) denned by x®f(t) \-* 
f{a)x. Similarly, we have a map ev a : U^(g) — > U^(g). We shall refer to the map ev (respectively, ev°") 
as the (twisted) formal evaluation map and to the map ev fl (respectively, evj ) as the (twisted) evaluation 
map at a. Notice that 

(1.13) zv a {{x ± a ®ff ) ) = a rk {x ± J k) and ev fl (A a , r ) - (-a) r (^). 
In particular, 

ev « (0£-r ® f ) ik) ) = a r \*%-r) {k) for a11 r e Z - 
Moreover, if /i € Rq and a e O we. such that a|f, Q = then (11.61) implies 

m — 1 

(-a)"' Z 

(1.14) ev| 



'(-a) ±r z '"n c h ("■/-). ifr a = m, 

fll'V''" I 'o +••■+'»,- 1='"' 

(-a m ) ±r (V). ifr„ = l 



for all reZ 4 



2. Finite-dimensional representations of U$(g) and Uv(g) 

In this section we review some results on finite-dimensional representations of U^(g) and of U^(g) 
which will be relevant for our purposes. 

2.1. Uf(g)->nodules 



All results stated here can be found in 01311 in the characteristic zero setting. The literature for the 



positive characteristic setting is more often found in the context of algebraic groups as in II17I1 and a more 



detailed review in the present context can be found in Ill4l . Section 2]. Evidently, similar results apply for 
t/F(0o)~ m °dules. Let < denote the usual partial order h* and let *W be the Weyl group of g. The longest 
element of 'W is denoted by w$. 

Let V be a [/F(0)-module. A nonzero vector v € V is called a weight vector if there exists /u e U^ify)* 
such that hv = /u(h)v for all h € t/fO))- The subspace spanned by weight vectors of weight /u (the weight 



12 



space of weight n) will be denoted by V M . If V - V^, then V is said to be a weight module. If 
V M + 0, {j, is said to be a weight of V and we let 



wt(V) = {/ue U ¥ (t))* : V M t 0}. 
Notice that we have an inclusion P e -» £/p(f))* determined by 

^((*)) = ( M f } ) and K*y) = M(x)H<y) for all ie/,ft>0,Jcyet/ F (W. 
In particular, we can consider the partial order < on U^(t))* given by /u < A if A - /u e Q + and we have 
(4) (k \ c \/ (±to for all aeR + ,i>0,^ £/ F (fj)*. 

If V is a weight-module with finite-dimensional weight spaces, its character is the function ch(V) : 
Uwify)* — » Z given by ch(V0(//) = dim V p . As usual, if V is finite-dimensional, ch(V) can be regarded as 
an element of the group ring Z[f/]f(rj)*] where we denote the element of Z[J7p(h)*] corresponding to n e 
Uw(i))* by e 1 *. Notice that the group ring Z[P] can be naturally regarded as a subring of Z,[Uf(fy)*] and, 
moreover, the action of "W on P extends naturally to an action of 'W on Z[P] by ring homomoiphisms. 

If v is a weight vector such that (x*)^v = for all a e R + , k > 0, then v is said to be a highest-weight 
vector and V is said to be a highest-weight module if it is generated by a highest-weight vector. Similarly, 
one defines the notions of lowest-weight vectors and modules by replacing by (x~)^ k \ 

Theorem 2.1. Let V be a £/F(g)-module. 



(a) If V is finite-dimensional, then V is a weight-module. Moreover, V p t only if € F, and dim V - ^ = 
dim V w for all w e <W . In particular, ch(V) e Z[P] W . 

(b) If V is a highest-weight module of highest weight A, then dim(V / i) = 1 and t only if < A. 
Moreover, V has a unique maximal proper submodule and, hence, also a unique irreducible quotient. 
In particular, V is indecomposable. 

(c) For each A e P + , the £/ir(g)-module W^(A) generated by a vector v satisfying the defining relations 

(4) w v = 0, hv = A(h)v and (jc7) (/) v = 0, 

for all cc e R + ,h e £/ir(h),z e I,k > and / > /1(/j,), is nonzero and finite-dimensional. Moreover, 
eveiy finite-dimensional highest-weight module of highest weight A is a quotient of WfOI)- 

(d) If V is finite-dimensional and irreducible, then there exists a unique A e P + such that V is isomorphic 
to the irreducible quotient Vf(/1) of Wf(/1). 

(e) The character of W^(A), A e P + , is given by the Weyl character formula. In particular, /j. e v/t(W^(A)) 
if, and only if, wfi < A for all w e "W. Moreover, Wf(/0 is a lowest-weight module with lowest 
weight wqA. □ 



The module Wp(/1) defined in this theorem is called the Weyl module of highest weight A. 

Theorem 2.2. Suppose F has characteristic zero. Then, every finite-dimensional U^(Q)-module is com- 
pletely reducible. In particular, Wf(/1) is simple for all A e P + . □ 
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2.2. Uf{g)-modules 



We now recall some basic results about the category of finite-dimensional £/F(0)-modules in the 
same spirit of the previous section. All the results of this subsection and the next can be found in 111411 
and references therein. 

We denote by the multiplicative monoid consisting of all families of the form a> = (a>,), e / where 
each oii is a polynomial in F[m] with constant term 1. We also denote by the multiplicative group 
associated to which will be referred to as the ^-weight lattice associated to q. Given jueP and a e F x , 
let oi^ u be the element of defined as 

((On, a )i(u) - (1 - auf (hi) for all i e /. 

If /i = u)j is a fundamental weight, we simplify notation and write ct> ;>a and refer to it as a fundamental 
^-weight. Notice that P$ is the free abelian group on the set of fundamental ^-weights. Let wt : Pf —> P 
be the unique group homomorphism such that wt(a>j M ) = <x>,- for all i e I,a e ¥ x . Let also a> i-» a>~ 
be the unique group automorphism of P$ mapping cj^, to (o icr \ for all i e I,a e ¥ x . For notational 
convenience we set a> + = a>. 

The abelian group P ¥ can be identified with a subgroup of the monoid of |/|-tuples of formal power 
series with coefficients in F by identifying the rational function (1 - au) with the corresponding geo- 
metric formal power series. This allows us to define an inclusion Pf (Uw(t)))* determined by 

o)(( h l)) = ( wt(a ^ (hi) ), <o(K Ur ) = o) Ur , for all ieI,r,keZ,k>0, 
and co(xy) = (o(x)co(y), for all x,y € U$(t)). 

Here, a>, i±r is the coefficient of u r in the z'-th formal power series of . 
Given a £/F(j)-module V and £ e Uf(t))*, let 

V f = {v e V : for all x € U v {\)), there exists k > such that (x - %{x)) k v = 0}. 

We say that V is an ^-weight module if 

v= e voj. 



In that case, it follows that 



V„ = Voj for all ft e P and V = V p . 

(oer F . ueP 



A nonzero element of Vq> is said to be an ^-weight vector of ^-weight a). An ^-weight vector v is said 
to be a highest-^-weig ht vector if U ¥ (t))v = Fv and (< r ) w v - for all a e R + and all r, k e Z, ft > 0. If 
V is generated by a highest-^-weight vector of ^-weight oj, V is said to be a highest-^-weight module of 
highest ^-weight o>. 

Theorem 2.3. Let V be a £/F(0)-module. 

(a) If V is finite-dimensional, then V is an ^-weight module. In particular, if V is finite-dimensional and 
irreducible, then V is a highest-^- weight module whose highest I- weight lies in P^. 

(b) If V is a highest-^- weight module of highest ^-weight a> e P^, then dim Voj = 1 and ^ only 
if // < wt(a>). Moreover, V has a unique maximal proper submodule and, hence, also a unique 
irreducible quotient. In particular, V is indecomposable. 
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(c) For each to € the £/F(0)-module Wf(o>) generated by a vector v satisfying the defining relations 
of being a highest-^- weight vector of /'-weight to and 

{ X -J l) v = for all aeR + ,l> wt((o)(h a ), 

is nonzero and finite-dimensional. Moreover, every finite-dimensional highest-Z'-weight-module of 
highest /'-weight cj is a quotient of Wf(<o). 

(d) If V is finite-dimensional and irreducible, then there exists a unique a> e P + such that V is isomorphic 
to the irreducible quotient V^(oj) of W^(co). 

(e) For fie P and oj e 7'.. we have fi e wt(Wp(<y)) if and only if /i € wt(WjF(wt(a>))). □ 
The module defined above is called the Weyl module of highest /'-weight o>. 



2.3. Evaluation modules 

For a £/F(fl)-module V and a € F x , denote by V(a) the pullback of V by ev a (cf. Section [T77T ). The 
£/F(0)-modules constructed in this manner are referred to as evaluation modules. If V = Vf(A) for some 
A e P + , we shall denote the corresponding evaluation module by V$(A,a). It is not difficult to check 
using (11.131 ) that, if v is a weight vector of weight A, then 

(2.1) ev a (A+ («)) v = {b>Uu)f ihi) v. 
In particular, 

(2.2) VFtf^aVF^). 

fl 

Proposition 2.4. Let a» = ]~[" = i ^.n, e ^f w ^ a i ^ a ; f° r ' ^ J- Then, Vf(&0 - <§) V^(Aj,aj). □ 

./ = 1 



3. Finite-dimensional E/F(0°>niodules 



In this section we start the study of finite-dimensional L^iD-modules. In particular, we develop 
the corresponding highest-^-weight theory, define the Weyl modules in terms of generators and relations, 
show that they have the same universal property as their non-twisted counterparts, and establish the 
classification of the irreducible modules. In particular, we recover the related results from |0| in the case 
that F has characteristic zero. The proofs are all based on their non-twisted analogues found in lfl4h, but 
several extra details are needed. 



3.1. Highest-i-weight modules 

Recall from Section [TTT1 that Pq is the dominant weight lattice of g . Let P% be the subset of Po 
defined as follows: 

jyU € Pq such that yu(/z,-,o) e 2, if g is of type A2„ and a,- e R s 
[Pq, otherwise. 

Set Pq' + = PZ n Pi. We shall also regard each /u e P^ as an element of P by setting 



(3.1) nQn) = 



JM%>)> if i € o(I Q ), 
0, otherwise. 
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We denote by the multiplicative monoid consisting of all families of the form (o = (a>,) ;e / 
where each (o\ is a polynomial in F[w] with constant term 1. We also denote by f"^ the multiplicative 
group associated to which will be referred to as the /-weight lattice associated to the pair (g, cr). For 
i e To, a e F x , and fi e P^, define the element a>^ a in whose j-th entry is 



(3.2) 



(1 - auY ih - °\ if either g is of type Ai n , or if g is not of type A 2,, and a\ e R s , 
1(1- a m uf (h -°\ if g is not of type A 2n and a t e R,. 



As in the non-twisted case, we simplify notation and write a> (T in place of o>J a and refer to it as a 
fundamental /-weight. Notice that P^ is the free abelian group on the set of fundamental /-weights. 
Indeed, the map F — > F given by a i-> a k for k - 1, 2, 3 is surjective since F is algebraically closed and, 
hence, a perfect field. 

Let wt : P^ — > P^ be the unique group homomorphism such that 
(3.3) wt« a ) 



2u)j, if g is of type A2„ and cr,- e R s , 
a>i, otherwise. 



As in the non-twisted setting, let o> h> o> be the unique group automorphism of !Pp mapping o)J a to 
&>f _j for all i € I,a e F x . As before, for notational convenience, we set a> + = a>. Also, the abelian group 
!Pp can be identified with a subgroup of the monoid of |/o|-tuples of formal power series with coefficients 
in F as before. We then define an inclusion P^ U^(f) <T )* by setting 

<o (( h 'f> )) = ( ), <o(Aff) = co u for all i e 7 , r, k e Z, k > 0, 

and 

o»(xy) = a>(*)a>(v) for all x,j € U^(\)°~), 
where tt» !)±r is the coefficient of « r in the i-th formal power series of oj ± . 
Given a I/ F (g°>module V and f e I/fO) ")*, let 

^ = jveV: for all * € I/ F (5°"), there exists it > such that (* - £Gt))*v - 0}. 
We say that V is an /-weight module if 

In that case, it follows that 



V M = 0V W for all fie Po and V = V^. 

n e P 

Moreover, by (11.101 . we have that 

0$,-r ® W V p c for all x* _ r eC T (0),keZ + . 

A nonzero element of Voj is said to be an /-weight vector of /-weight a>. An /'-weight vector v is said 
to be a highest-/-weight vector if U^(t) (T )v = Fv and L f F(g cr )°v = . If V is generated by a highest-/- 
weight vector of /'-weight a>, V is said to be a highest-/-weight module of highest /-weight a>. Standard 
arguments show that: 

Proposition 3.1. Every highest-/-weight module has a unique proper maximal submodule and, hence, a 
unique irreducible quotient. □ 
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We shall denote by Vw((o) the irreducible quotient of a highest-^-weight module of highest ^-weight 

The next proposition, which is the "twisted version" of iH, Proposition 3.1], establishes a set of 
relations satisfied by all finite-dimensional highest-^-weight modules. 

Proposition 3.2. Let V be a finite-dimensional ^(g^-module, A € P^ , and v € Va such that £/F((n + )°~) 
v = and Af r v = w,>v, for all i e Io, r e Z, and some w^. e F. Then: 

(a) A e P^ + ; 

(b) (x~ ® t ms f k) v = for all x~ e C°~(0), > d M A(h M fl), where = 2 if g is of type A 2 „ and /u e /?, 
and d M = 1 otherwise; 

(c) Kl ± v = for all i el ,r> A{h ifl ); 

(d) ^,,±4/,,) * 0. 

Moreover, for all A € -Pq' + , there exist polynomials e F[?o, , tx(h i0 )\, ie/o,^ 1, • • • , ^(A,o)> 

such that for all V and v as above, we have 0)i- r v - fiA^jlih )' ' ' ' ' OJ i',/i(/!/o)) v - 

Proof. Part (a) is immediate when g is not of type A^. If is of type ki n , given e R s , the subalgebra 
^F(02p,i) of Uf(Q cr ) generated by {( j, (x± t <8> f Tl )W : > 0} is isomoiphic to Uwish) by Lemma 
Ob). Hence, AQi^o) e Z. 

For part (b), observe that Lemma ITTT1 implies that, if r e Z and e wt(g ±) .) n <2q \ {0}, the elements 
(x* ±r ® t ±r )( k \ k e Z + , generate a subalgebra U^(g^ r ) of t/pCg ") isomorphic to U^ish)- Hence, the 
equality (x~ ® f" s )®v = in each case follows from the fact that v generates a finite-dimensional 
highest-weight module for this subalgebra, which is then isomoiphic to a quotient of the Weyl module 

Wwid^AQi^)). 

Further, if either g is not of type A2,, and ctj € R s , or g is of type A2„ and a,- e Ri, we conclude that 
Af + v = for r > \A(hjfl)\ by setting a = or,-, 5 = 0, / = k = r in Lemma [L97 a). Similarly, application 
of Lemma |1.9f b) proves the claim for g not of type A2 n and or; e /?/. For the case that g is of type 
A21, and q-, € we conclude that Af v = for r > |/t(/z,,o)| by using part (i) of Lemma [L9l c) with 
a = at, s = a = 0, k = r, along with the already used observation that t/F(fl2//,i) is isomorphic to U^(jslz). 
This completes the proof of (c). 

We now prove (d). Let W = U^(q (T )v which is a finite-dimensional £/F(go)- m °dule having A as its 
highest- weight. Hence, wt(W) = v/t(W^(A)) and Theorem 12. If e) then implies that 

(3.4) A - (A(h ifi ) + k)a t g wt(W) for any k > 0. 

We now split the proof in cases according with the conditions given by each item of the Lemma 11.91 
Suppose first that either g is not of type A2 n and or; e R s , or g is of type A2 n and cr, e /?/. By considering 
the subalgebra £/f(£U,o) = U ¥ (si 2 ), we conclude that (x7 Q ® i)Who)) v ± 0. It follows from d3^4l that 
®?) w (x7 ® l)( i(7, <.o))v = for all > 0. Therefore, (x7" ® l) (/1<7l,o)) v generates a lowest-weight finite- 
dimensional representation of UwiSaui) = Uw(sh)- This implies that + (xt_ 1 <S>t)^ hi ^\xT <S>l)^ ( - hi ' ' )) v = 
Af ± ^ ^v, where the last equality follows from Lemma [L9l a). Assume now that g is not of type A2 n and 
ai e R[. Proceeding similarly we conclude that (x7" ® l)W h >.o)) v ^ and generates a lowest- weight finite- 
dimensional representation of Uf(g ahm ). The conclusion now follows from Lemma [L97 b) in a similar 
fashion. Finally, let g be of type A% n and or,- e R s . It now follows that (xr . ® t)^ hi -°^v + generates a 
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lowest-weight finite-dimensional representation of Uf(g ah o). A similar application of part (i) of Lemma 
|1.9f c) completes the proof. 

The proof of the last statement is also split in cases fitting the conditions of Lemma 11.91 Assume 
first that either g is not of type A2 n and cr, € R s , or g is of type A2„ and or; e /?/. In this case, setting 
a - cti, s = 0, / = A(hjfl) and k = 1 + r in Lemma [L"9l (a), we get for all r > 1 that 



(3.5) 



= (*+, ® lf\xT^ ® W V - Wy^.j ® W V + E ^.W^ = 0. 



j= l 



where w^o = 1 and is a Z-linear combination of elements of the form 

with Yjn kn = r an d Yju nkn - r +J> which does not depend neither on V nor on v. Now, since -r < r+ j—2r, 
it is not difficult to see that (x^ 2 ®r 2 ) (r ^Yj e U^(g <T )Uf((xi + )' T ) a + H r j, where H r j is a linear combination 
of monomials of the form A°~ • • • A°\ such that -r < r,. Moreover, using Lemma [L97 a) once more, we 
get 

(< 2 ® r 2 f\xl_ x ® W - (-l)X-r + U ¥ (~QWF(n + )°. 
Hence, plugging this into (13.5I ). it follows that 

o = (*+ 2 ® r 2 ) (r) c 

which implies that 
(3.6) 



;z(*i_l ® W V + ^ Wy-jF/V = (-l/Wf-^/V + ^ COij-jH r jV 



7 = 1 



J = 1 



(Oi-rOJijV = (-l) r ^ C0ij-jH rJ V. 



Now, since involves only the elements A^. with > -r, a simple induction on r completes the 
proof in this case. Similarly, when g is not of type A2„ and cr, e we repeat this argument using 
Lemma [L9l b). Finally, if g is of type A2„ and or; e R s , setting a = cr, and k - A(hifi) on part (ii) of 
Lemma [L"9l c). we get for all r > 1 that 

( . N 



(3.7) 



o = (^,o®D (u) (W®^) 



fe- 1 



2 ff „i® ? ) (r, + E /A'/ 



where a>ifi = 1 and Xy is a Z-linear combination of elements of the form 

(*- tl ® • • • (*",,_* ® W^.i ® (sl) • • • {x~ ai _ k ® 

with ^ < r, Yjm s m + 2 2„ = 2r and £ m ms' m + ns n - r + h which does not depend neither on V 
nor on v. Proceeding as above, since -r < r + j - 2r, we first conclude that 



Q-,,1 



r 1 ) (2 '" ) X i e[/ F (0 cr )f/F((n + )T + ^ 



+ \<T\0 



r,J 



where H, ; is a linear combination of monomials of the form A°" • • • A°" with -r < r,-. Then, we get 
r 'J i,ri i,r m J ' 6 

from part (i) of Lemma [L9f c) that 



(<1 ® rl ) (2r) (^„l ® W - ~K,-r + ^F(0)t/F(n + ) U . 
Hence, plugging this into (13 -7b . we get 



K(2r) 



k- 1 



7=1 



£-1 

j= 1 



and the proof ends by induction on r as it was done following (13.61) . 



□ 
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As in the non-twisted case, given v as in the above proposition, we want to prove that 



(3-8) K*h») K U v = A u(%)-* v for a11 * e /„, < * < A(h UQ ). 

In other words, given v, A, i € Iq, and Wj >r as in the proposition and setting 

a>j(u) = 1 + V coi r u r , 
r = 1 

we want to show that 

(3.9) Af"(n)v - <u,"(m)v. 

The element a> := (6Jf)i€/ * s called the Drinfeld polynomial of the highest ^-weight module generated by 
v. As observed in [14], the differential equations techniques used in 16101 for proving (13.81 ) do not work 



in positive characteristic. Thus, in light of the last statement of the Proposition 13.21 it suffices to exhibit 
for each o> e one finite-dimensional highest-^- weight module with highest-^-weight to on which 
(13.91) is satisfied. This will be done in the next section. 



3.2. Evaluation modules 

If V is a finite-dimensional irreducible t/jF(fl°")-module, then V is generated by a vector v satisfying 

tfr((ftT)°v = 0, ( )v = ( A< f > )v, Af r v = u>i,v, 

for all i e Io,k e Z + and some A e Pq' + , e F. In fact, since V is finite-dimensional, there exists 
a maximal weight A e P^ such that Va t 0. Moreover, as Uj($f) is commutative, we conclude that 
A?" £ for all reZ.ie 7 - It follows that there exist v € satisfying t/FCfOv = Fv. Hence, by 
Proposition I3.2f a), we have that A € P^' + and the ?/F(0 <r )-submodule generated by v must coincide with 
V by the irreducibility of V. In particular, we have the following immediate consequence of Proposition 



Proposition 3.3. Every finite-dimensional irreducible L ? F(0 <r )-module is a highest-/5-weight module 
whose highest f-weig ht lies in V' r ' . □ 

For a £/F(0)-module V, let V(a) be the pull-back of Vby ev^ (cf. Section fTTTl) . In the cases V = Vf(/0 
and V = Wf(A), we shall denote the evaluation representation by Vv(A, a) and by Wf(A, a), respectively. 

Proposition 3.4. Let A e P'^ ,+ and regard it as an element of P + as in (13 - 1 b . Then, given a e F x and 
a highest-weight {7F(0)-module V of highest-weight A, V(a) is a highest ^-weight L f F(0 cr )-module with 
Drinfeld polynomial uf {a € Moreover, the action of A°"'~(w) on the highest ^-weight vector is given 
by @Z3l for all i e 7 . 



Proof. Let v be a highest-weight vector of V. Suppose first that o(i) is not fixed by cr. Then, by d 1. 14b . 



r = D,-,r„_,E2 + / = V 1 ' V = / 



K^{u) v = 

r = 

V 

= (l-a ±1 M )^(o ) v, 
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where the second equality follows since A(h a j( a ■)) = for < j < m — \. Similarly, if o{i) is fixed by 
cr, then, again by (11.141 ). we have 



A^fM) V = 



Z(-«r(VK 

\r = 



v = 



g (-^W^eP V v = (1 - a ±,n w) /l(/ W v. 



□ 



Now we can conclude the proof of (13 -9b - Given o» e PJjj/ + , we can write 
I m - 1 

(3.10) <u = ] ] <u£ ^ , with ^ e € P+ and a k € F x such that af * a'J for / + j. 

k=le = *' E ' * 

Any such expression is called a standard decomposition of oj. Let T^(oj) be the submodule of 

t m- 1 
fc= le = 

generated by the tensor product of the highest weight vectors. Then, Tf(oj) is a nonzero finite-dimen- 
sional highest /"-weight module and it follows from (11.81 and Proposition I3.4l that its highest /'-weight is 
oj. This completes the proof of (I3.9I ). 

Theorem 3.5. The isomorphism classes of finite-dimensional simple L^B^-modules is in bijection 
with P cr ' + . 



Proof. By Proposition 13.31 to each isomorphism class of finite-dimensional simple [/pQ'O-modules we 
have associated an element of P°~' + . Thus, it remains to see that this map is suijective. Indeed, given 
oj e P a ' + , the module Tp(oj) constructed above is a finite-dimensional highest- /-module of highest i- 
weight oj. Hence, it has a simple quotient by Proposition 13. II □ 

We shall denote by Vw(oj) any simple finite-dimensional simple t/jF(fl°")-module with highest t- 
weight oj. 



3.3. The Weyl modules 

We now establish the existence of universal finite-dimensional highest /-weight L^S^-modules. 

Definition 3.6. Given oj € PZ' + , let Ww(oj) be the J7F(0 lT )-module generated by a vector v satisfying the 
defining relations of being a highest-/-weight vector of /-weight oj and 

(3-11) (*- ®O®v = 0, 

for all fi e Rt , /, r € Z, / > wt(<u)(fyu,o)- W^(oj) is called the Weyl module of highest /-weight oj. 

It follows from the last subsection that Wf((o) + for all oj e P^' + (since Vf(oj) is clearly a nonzero 
quotient of Wf(co)). Moreover, Proposition 13.21 implies that every finite-dimensional highest-/- weight 
module of highest /-weight oj e PZ^ is a quotient of Wf(oj). Our final goal of this section is to prove 
that W^(oj) is finite-dimensional. 

Lemma 3.7. Let oj e PZ'* and fi e P . If W F (w) /J t 0, then W(oj) Wfl t for all w € <W . 
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Proof. By standard arguments, it follows from (13 - 1 It that every vector w € Wf(g>) belongs to a finite- 
dimensional £/ir(0o)-submodule of W^(to). Now all the claims follow from the corresponding results for 
finite-dimensional 6 r F(0o)" m °dules. □ 



Notice that the previous lemma implies that 

(3.12) wt(W F (w)) c wt(W F (wt(ft>))). 

We are ready to prove the next theorem which implies that the Weyl modules are the universal finite- 
dimensional highest-^-weight modules. 

Theorem 3.8. W^(co) is finite-dimensional for all o» € PZ' + - 

Proof. Set A - wt(o>) and let v be a highest-^-weight vector generating W^(a>). Since (13.121 ) implies that 
wt(Wf(a>)) is finite, it suffices to prove that Ww(oj) is spanned by the elements 

with n, kj e Z+, Sj e Z,// ; - e wt(g_ s .)\ {0} n <2q , < Sj < AQi^^q), j - 1, . . . , n. Notice that such elements 
with no restriction on sj clearly span W^(oj). 

Let T = Qt x Z X Z+ and S be the set of functions <p : N — » T, j \-* <pj = (jjj, Sj, kj), such that kj = 
for all j sufficiently large and fij € wt(g_ s .) \ {0} for all j. Let also S' be the subset of S consisting of the 
elements (p such that < sj < AQi^^q). Given tp e 3 such that kj = for j > m, we associate the element 

(3. 13) = (x- t _ Si ® r ?l )<*' > • • • {x- n _ Sn ® f" f»K € Wvdun. 

Define the degree of (p to be d(4>) = Yjjkj and the maximal exponent of <p to be e(<p) = max{kj}. Clearly 
e(<p) < d{cf)) and d((p) + implies e{<f>) + 0. Since there is nothing to be proved when d{<p) = we assume 
from now on that d{<f>) > 0. Set 

Z d , e = {(peE: d(tf>) = d and e(<p) = e\ and E d - a d>e . 

\<e<d 

We prove by induction on d and sub-induction on e that, if <f> e S^ >e is such that there exists j with sj < 
or > AQi^ .fi), then is in the span of vectors associated to elements in 3'. More precisely, given 
< e < d e N, we assume, by induction hypothesis, that this statement is true for every <p which belongs 
either to E d y with e' < e or to 3^< with d' < d. The proof is split in two cases according to whether 
e — d or e < d. 

When e = d, it follows that = (xZ _ s ® fy- e 'v for some fi and s. Suppose first that e = 1. We split 
the proof in cases fitting the conditions of Lemma [L9l If either g is not of type and fi € R s , or if g is 
of type Am and e Ri, setting / - A(h M fl) and k = 1 + 1 on Lemma [L9l a). we get 

((^;, ± («))A? ± («))^ 0)+1 v = for all reZ 

or, equivalently, 

(3-14) (*"_ (r+1) ® ?' +1 A; ±/ + x"_ (rf2) ® r 2 A- ±(/ _ 1} + • • • + x"_ (rfI+1) 6) ? ' +/+1 )v = 

for all reZ. Now, we consider the cases s > I and s < separately and proceed with a further induction 
on 5 and \s\, respectively. If s > 1, this is easily done by taking r - s — I — 1 in (13- 14b - Observing 
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that A^ +/ v + (Lemma [3.2[ c)). the case s < is dealt with by taking r — s — 1 in (13 - 14b - Proceeding 
similarly, if g is not of type A2„ and yu,- e R/, we repeat this argument using Lemma [L9l b), and, if g is 
of type A2n and e R s or /u € 2R S , the conclusion follows from parts (i) and (iii) of Lemma [L"9l c). We 
omit the details. This concludes the case e = 1. Suppose now that e > 1. If either g is not of type Ai n 
and fx e or if g is of type A2„ and /i e /?/, setting / = eMJtpfl) and = / + e in Lemma [L9l a) we obtain 

,^ -. _> / — „ r+ /'+ 1 \ (A a other terms in the span ot vectors „ 

(3-15) E (X fl ,- (r+j+1) ®f +J+1 r ) A tl ,l-ejV+ v . with for ^ =0 

7=1 

for all r € Z. As before, we consider the cases s > AQi^ q) and s < separately and prove the statement 
by a further induction on s and respectively. If s > Mh^fi), set r - s — 1 - A(h M $) in (13.151) and notice 
that, for 1 < j < /t(/z^o), we have < r + j + I < s, from the induction easily follows. For s < 0, observe 
that A/jj-e^h g )V = v ± and, therefore, 

{j eZ + :j< i(Vo) and A^- e yv * 0} * 0. 

Let 70 be the minimum of this set. Then, (13.151 ) can be rewritten as 

Mho) 

n 1 , v ' at r+j+h(e) A , other terms in the span of vectors _ „ 

w- 10 -* Zj 591 ix f,l-ej v + with fore' <e ~ u - 

./' = Jo 

Since co M j- e j + by definition of jo, the induction on |^| is easily done by using (13.161 ) with r = s—l—jo. 
By using Lemma [LW h) and part (iii) of Lemma [L"9l c). respectively, the cases g is not of type A^n and 
jj. € Ri, and g is of type A2„ and fi e 2R S can be carried out similarly. It remains to consider the case g of 
type A2n and /i € R s . This time we set r = e, k = XQi^q), s = r and a = fi on part (iv) of Lemma [L"9l c) 
to get 

Vi . - r+ y_K ( e ) , other tenns in the span or vectors _ „ 

\J A/ ) 2j ' X /i,-(r+7'-l) ® ' J h-fi,ek+e-ejV + y with 0'eS,y for e'<e _U 

7 = 1 

for all reZ. Again, we proceed by induction on 5 and |s| separately working with (13.171 ) similarly to the 
way we worked with (13- 15b - This completes the case e - d. 

If e < d, we can assume by inductions hypothesis on d, that < sj < AQi^.fi) for j > 1 in (13- 13b - 
Hence, an application of Lemma fl - 101 completes the argument. □ 

4. Twisted modules via restriction of the action 

We shall use the following notation and assumptions throughout the section. We assume that m is 
not the characteristic of F. Given a i7F(g)-module V, we denote by V 7 the module for U ¥ (q°~) obtained 
by restriction of the action. We also let K be the fraction field of A (hence, K has characteristic zero). 
The image of a e A in F will be denoted by a. 

4.1. Statement of the main theorem 

The goal of this section is to prove the following theorem. 
Theorem 4.1. Let n e P£ + . Then, there exists co e such that 

V ¥ ((of = V ¥ (tt) and W ¥ (ojf = W ¥ (tt). 
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Remark 4.2. In characteristic zero, Theorem 14. 1 I was proved in [4]. Although our proof is parallel to the 
one from [0], part of the arguments used there, such as the explicit description of certain annihilating ide- 
als, could not be replicated in positive characteristic. The technical differences are mostly concentrated 
in the results proved in Subsection I4.2l where the hypothesis that m is not the characteristic of F is used. 
However, in the case of Weyl modules our alternate approach to annihilating ideals is not sufficient for 
proving the result intrinsically. Instead, we use the result in the characteristic zero setting and then use 
the technique of reduction modulo p. 

Before going into the technical details of the proof, let us construct the element oj of the statement 
of Theorem 14.11 Let 

e m - 1 

* = n n < >e ,r-^ 

k = le = 

be a standard decomposition of n (see (13.10I )). By decomposing as sum of fundamental weights (see 
(EHV ). it follows that 



n 



_ \ nL nr=o n^K^-^/^, if 5 ^ not of t ype A 2n , 



JIU Uiei^u^J^, if is of type A 2n , 
for some e^^j and where j in the second line is the unique index in Iq such that aj e R s . Then, 

t m - 1 

(4.1) oi = f] w w , ai with W= E E e k , £ jo- £ (aj o(i) ). 

k=i e = 0iel 

4.2. On certain surjective homomorphisms 

Given a polynomial g(u) = ]~[" = i(l _ e K[w], let 

n 

(4.2) g(t) = Y\(t-aj)eK[tl 

7=1 



For a € R + , k € Z, define 

Notice that, if aj e A for all 7, then (x£ kg ) ' e £/a(0) for all r, e Z, r > 0. Moreover, one can 
easily check that the image 1 ® (x^ kg r' of 0^£ g ) in U^(q) is nonzero. The next lemma is trivially 
established. 

Lemma 4.3. Let g{u) - l~[" = i(l _ aju),f(u) - ]~[" =1 (1 - bju) e K[u]. Suppose that aj, bj e A x and 
a~ = b~j for all /. Then, 1 <8> (x ± , ) (r) = 1 ® (jc* , ,)«. □ 

We can then define elements (**£ j) (r) £ ^f(0) for any polynomial f(u) = l~[" = i(l _ bju) e by 
setting 

(4-3) Kk,f) ir) = ^(<kJ r) 

where g is any polynomial of the form g(u) = ]~[" = i(l _ a j u ) with a j € such that cfj = bj for all j. 

Given such / e ¥[u], consider the ideal 1^ of £/p(0) generated by {(** k ^ : a e R + , r, k e Z, r > 0} 
and set 

U ¥ (g)f = — — ■ 
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f 

Notice that I ¥ is a Hopf ideal of Uf(g) and, hence, the Hopf algebra structure on U^iQ) naturally induces 
one on £/]f(0)/. Moreover, if V, W are £/ir(g)-modules such that I^V = I^W - 0, then V <8> W is naturally 
a module for U^(Q)f- 

Let 0j be the composition Uy(q°~) U^(q) —> £%(§)/ where the last map is the canonical projec- 
tion. The goal of this subsection is to prove the following proposition. 

Proposition 4.4. Let f{u) = ]"["-, (1 - b,u) e F[n] and suppose that bf t bf for all i + j. Then, for all 
N € N, the map 0«v is surjective. 



Corollary 4.5. Let V be a £/F(fl)-module such that Ii, V - for some Af e N and suppose 5 c V 



The following corollary is then easily deduced. 

'F 

is such that V = Uf(jQ)S . Then, V = U^(q°~)S and, if V is a simple £/F(§)-module, is a simple 
[/ F (§°>module. □ 

Fix g as in (14.31 ) and A 7 " e N, consider the ideal I A of £/a(§) defined similarly, and let Ua(q)pN = 



. Notice also that the image of in U^(q) is contained in /*, and, hence, we have an A-linear 



Ua®. 
epimorphism 

UA(e) g N -> Uw(g)fN. 

Moreover, the following diagram commutes 

UkisT) — - u A ($) — - u A (S)c 



tw) — - u v (s) — - u v (o) f N 

Hence, in order to prove Proposition 14.41 it suffices to prove that the composition <f>^ of the maps in the 
first row of the above diagram is surjective. Notice that the hypothesis b'" + bj for all i + j, together 
with the fact that A is a DVR with F as its residue field, implies that 

(4.4) a™ - aj € A x for all i + j. 



Let x denote the image of x e i n U&(g)gN. Thus, we want to prove that (x„ ® t k )^ belongs to 

the image of ? « for all a € R + , r,k € Z, r > 1. Henceforth we fix a e R + . By (11.11 ) we have 

( 1 m - 1 

(4 » = =7- 2 < e ® t k 

\ l °> e = 

Since m is not the characteristic of F and A is a DVR with F as residue field, we have Y a e A x . If 
a + cr{a) £ R, then [x% e ® tk ^ x %( a)e ® <*] = and it follows from (11.41 ) that it suffices to show that 

(xj e ® belongs to the image of (f> g N for all < e < m, r > 1 and k € Z. If a + cr(a) e notice that 
the subalgebra of g generated by {x* a ®t k , x* l l S>t k , x^ + ,. ^t^} (with a fixed choice of ±) is a Heisenberg 

subalgebra. Then, (11.121 implies that it suffices to show that (x„ e ® f^O) anc j . ^ ® f A ) (r) belong to 
the image of for all < e < m, r > 1 and k e Z. This will follow from (14.81 ) and (14.91 ) below. 

We claim that, given e = 0, . . . ,m - 1, and it e Z, there exists e f m_e A[f m , r m ] such that - ** 
is divisible by g w in A[t, t~ l ] (where g is given by (14.21) ). Assuming this claim, we complete the proof 
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as follows. Write *F| - f* = Z"=_ ni ei?g N for some «i,n2 e N and e, e A, -nj < / < n%. Then, another 
application of (11.41 ) shows that 

(4.5) (j£ ® («P| - € /f for all y3efl + ,reN. 

It then follows from dTTTb . (|43T ). and either (fL4) (if j8 + cr(fi) $ R) or (11.12) applied to the Heisenberg 
subalgebras spanned by {x* ® (9* - t k ), x% {j}) ® CP* - t k ), x^ +(rm ® (^ e - ^) 2 } (if j8 + cr(/3) e /?) that 

(j£ e ® Q¥ e k - f*)) (r) e for all /?e/? + ,reN. 
Using this, we now show that 

(4.6) (jc* e ® <*)W = (4, e ® for all < e < m, r, k e Z, r > 0, 
and, if a + o~(a) e /?, that 

( 4 - 7 ) (^).i®^) (,) = (^).i® Y it) (,) fora11 ^^,r>0. 

Indeed, since x% € ®t k and jc* e <8> (t k - *Pp commute, we get from (11.4b that 

(jt* 6 ® = (< e ® (** - c* - = z (-D 7 '(4 e ® ^) (r_ - / \4 e ® - ^)) 0) - 

7 = 

Since the only summand with nonzero image in £/&(0)g<v is the one with j = 0, (14.6b follows. Equation 
(14.7b is proved similarly using that x^w^ j ® r and x^ +(r / a \ j ® (» - commute. 

Finally, let fi € wt(g e ) n such that = ar|^ . If a e 0, then jc* e = x* e by (11.3b . Otherwise, we 
have o-j(a) e O for some j - 0, • • • , m — 1, and, hence, x^ e - ^x^^ ^ = & e x^ e by (ll.lb (recall that 

f e A x ). Since (x± e <g> ¥pW € £/ A (0°"X it follows from (g2) that 
(4.8) (4j®^ = <V (<£(j£ e ® ^) W ) 

with c a = 1 if a e and c = £ ye if cr J (a) e for some j ^ 0. Similarly, if a + cr(a) e R + , then 
(4 j (8) e C/ A (0°") and (@~7]> implies that 

( 4 -9) 5 ^) (r) - v ((4.i 8 ^ )(r) ) • 

It remains to prove the existence of *P? as claimed. Let (Jf^) be the ideal of A[t, t ] generated by g N . 
It suffices to show that the map 

<p: A[r,T m ] -> A[t,r l ]/(g N ) given by t k for all k e mZ 

is surjective. Indeed, using this fact, let ifif be any element in ^ _1 (^ _m+e ) and set ^(0 = t m ~ £ (p £ k (t) which 
clearly has the claimed properties. 

To prove that <p is surjective, observe that, since af + a'J for i t j, the Chinese Remainder Theorem 
implies that we have an isomorphism 

(4.10) A[t,r l ]/(~ g N ) ^ Y]A[t,r l ]/((t- ai ) N ) 
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and an epimorphism 



(4.11) 



A[f n , r m ] -> Y]A[f\ 1 



Evidently, for every a e A x , we also have isomorphisms 

(4.12) A[f\ r m y((f - a m f) =* A[t m ]/((t m - a m f) and A[t, r']/((? - of) * A[/]/<(f - a)*>. 
Note that (t m - a m ) N e <(/ - a) N ). Indeed, recalling that m e {2, 3}, we have 



Hence, the surjectivity of <p follows from (14. 10b . (14. Ill ), and (14.121 ) if we prove that 

i// : A[t m ] -> A[t]/((t - a) N ) given by t mk ^ for all k e N 
is surjective for all a e A x . In order to prove that ip is surjective, let 

m = (f-a)B where IB := A[t]/((t - a) N ). 
Using that tit - a) = ait - a) + (t - a) 2 , one easily sees by induction on n > 1 that 

(4.14) f{t - a) € (t - a)A + (t - a) 2 A[t] for all n > 1. 

As ? - a = ~ %$-r(t + 2 a) S "° by (l4~T3l) and recalling that m, a € A x , (I4TT41 implies that 

(4.15) mc(f"-a m )A + m 2 . 

Using this and that t m - a m e (t - a)A[t], one easily proves by induction on n > 1 that 

(4. 16) m" c if" - a m ) n A + m' I+1 for all n > 1. 
Plugging (14.161 ) back in (14.151) and proceeding recursively, it follows that 

(4.17) mc J it m - a'")' A + m" +1 for all r>1. 



Taking n = N - I above and observing that (P - a m )'A e Im i/^, it follows that mclmi^. On the other 
hand, since Aclmi/* and B = A + m, we conclude that ip is surjective as desired. 

4. 3. Proof of Theorem \4.1\ for simple modules 



(4.13) 




( = 1 



Given cj - Y\"=i ^A^aj <= with at t Qj for i + j, set 



n 



(4.18) f (a (u)= f[ an d ij 

J = 1 



F — F 



Lemma 4.6. rV F (w) - 0. 
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Proof. To shorten notation, set f = foj. Assume first that a> = (o^ a for some A € P + and a e F x . In 
particular, Vw(o)) = Vp(A, a). Then, it is immediate from the definition of the evaluation map that, if 
g € F[m] is a multiple of / and has constant term 1, then 

(4. 19) (j£ As ) W V F 0l, fl ) = (a*g(a)) r (4) (r) V F (/l, fl) = for all a e R + ,k,r e Z,r > 0, 

since - 0. 

n 

For general co eP^, say a» = Yi'Li ,a with a/ + aj for / ^ j, we have Vf(6>) = <8> VfO^/j #/) by 

j = 1 

Proposition 12.41 Then, given v = vi ® • • • ® v„ with vy e Vf01/'> «/)> it follows from (I4.191 l and (11.71 with 
■* = that 

0w,/) (r) v = for all aeR + ,k,reZ,r>0, 
which implies l'' } V {«)) = 0. □ 



We are ready to prove Theorem 14. ll in the case of simple modules. Recall the definition of co in (14.11 ) 
and that a'" + a™ for i ± j by (13. 10b . It then follows from Lemma[£6]and Corollary @3]that V ¥ (oj) ct is 
simple. Evidently, if v is a highest-^-weight vector of Vw(o>), then U$((n + ) cr ) v = 0. Hence, it remains 
to prove that 

Af' + (u) v = TCiiu) v for all i e Io. 

Suppose first that o(i) is not fixed by cr. Then, 

m — 1 m - I 



aj> + (u)v = ] A (rJ(o(0) (r ,, -^)v = i w, J(o(0) (r- ; «) 



.7 = j = 

W(o(i)) 



k = 1.7 = 
£ m - 1 

* = l./ = 

where equality * follows from the definition of ^ in (14.11 ) and the last equality follows from <\3.2\ . 
Similarly, if o(i) is fixed by cr, then 

Aj-^u) v = A: (! . );m («) v = fl (1 - a™uY^°™ 

k = 1 

f m- 1 

= n n d - ^"^v 

/c= le = 
t m - 1 

= II II d - {C l ' e a k ) m ur -v = m(u)v, 
k=le = 

since (£ m_e ) m - 1 for all < e < m - 1 and the last equality once again follows from (I3.2I ). □ 

The next result is immediate from Proposition I2.4l and the above proof of Theorem 14. H and recovers 
the classical result that the simple modules are tensor products of evaluation modules. 

t 

Corollary 4.7. Vf(n) is isomorphic to (g) V^Qj-h a-kY ■ □ 

k = 1 

Remark 4.8. Combining the last corollary with |[l4l Theorem 3.4], one gets a version of Steinberg's 
tensor product theorem for twisted hyper loop algebras. 
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4. 4. Proof of Theorem \4.1\ for Weyl modules 

Let be the subset of P^ consisting of /-tuples of polynomials whose roots lie in A x . Similarly, 
define the subset P^ x ofP^ + . 

Theorem 4.9. Let vj € V\ (respectively, m € P°^*), v a highest-^-weight vector of W%,{vf), and L(m) = 
Ua(q)v (respectively, L(m) = U^{q <t )v). Then, L is a free A-module and the canonical map ¥J8>&L{m) — > 
Wk(ot) is an isomorphism. 

Proof. The non-twisted statement was proved in lfl4l Theorem 4.5(b)] and the twisted version is proved 
similarly by repeating the steps of the proof of Theorem 13 .8 K ef, proof of lfl4l Theorem 4.2]). □ 



Let L(vj) be as in the last theorem and set 

Lf(tbt) = F ® A L(tj). 

Then, L$(vr) is a {7ir(0)-module (respectively, a L f F(0 cr )-module) which is clearly a quotient of W&(A) 
where A is the image of m in P'- (respectively, in P^ + ). 

Conjecture 4.10. = W^(A). In particular, dim Ww(A) = dim Wk(m) for any fi e P^ (respectively, 

fi e PZ: + ) such that wt(ju) = wt(A). 



Remark 4.11. In the non-twisted case, the above conjecture was formulated in 11411 . It can be regarded 
as an analogue of a conjecture of Chari and Pressley B6D saying that all Weyl modules for Uc(q) can be 
obtained as classical limits of appropriate Weyl modules for quantum affine algebras. Chari-Pressley's 
conjecture has been proved in lHI (if is of type A), in fioll (for simply laced g), and in 1 25] (in general) 
A different a ppro ach has been pointed out by Nakajima using the global basis theory developed in El OS 
2ol . 23, 24] (| 25] also uses global basis results, but in a different manner). Nakajima's argument, which 
is outlined in the introduction of II 1011 . most likely can be used to give a proof of Conjecture 14. lOl as well 
(including the twisted version). See also ^\ for an approach for proving Conjecture I4.10l along the hnes 
of HQ- 
Recall the definition of / from (14.181 ) and, given N 6 N, let 

jOJ,N _ /oj 
1 ¥ F - 

Similarly, define I^' N for rrr € P^ and I^' N for m € P^. The following is the analogue of Proposition 
I4.4l for Weyl modules. 

Lemma 4.12. For all to e P^, there exists N e Z + such that I <,) X W ■(<,)) = 0. 

Proof. Let m e P^ be such that its image in P^ is oj. It follows from |4, Proposition 2.7] that there exists 

N e Z + such that I^W^vt) = 0. Hence, I™' N L{m) = which implies I™' N L w (m) = where I™' N is 

the image of 1^' in U$(g). Since I^' N is clearly contained in I^' N , it follows that l™' N L${m) = and 
the lemma follows from Conjecture 14.101 □ 



We are ready to prove Theorem l4.1l in the case of Weyl modules. Let o> be as in (14.11 ). N as in Lemma 
14.121 and fix a highest-f-weight vector v for Wf(cj). The same computation closing the proof of Theorem 
14. II for simple modules shows that Uy(q°~)v is a quotient of Wf(tt). Moreover, it follows from Lemma 
l4~12l and Corollary H31that 

Ww(a>) = U v (sDv. 
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On the other hand, let xn € P ^ be such that its image in Py is n. Then, by the twisted part of 
Conjecture 14. 101 dim Ww(n) = dim W^(w). By the characteristic zero version of Theorem l4.1l proved in 
0], we have dim W%(w) - dim W%Qi) for some ft € Pt such that wt(fi) = wt(o») (in fact, it is easy to 
see that /i € P^ and that its image in P^ is a>). Another application of the non-twisted part of Conjecture 
14. 101 completes the proof. □ 

Remark 4.13. Using Theorem 14.11 one can show by the same arguments used in characteristic zero 
(see 12911 ) that the blocks of the category of finite-dimensional ^(fl^-modules are described as in the 
characteristic zero setting. 
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